We show that if a graph G with n ≥ 3 vertices can be drawn in the plane such that each of its edges is involved in at most four crossings, then G has at most 6n − 12 edges. This settles a conjecture of Pach, Radoičić, Tardos, and Tóth, and yields a better bound for the famous Crossing Lemma: The crossing number, cr(G), of a (not too sparse) graph G with n vertices and m edges is at least c m 3 n 2 , where c > 1/29. This bound is known to be tight, apart from the constant c for which the previous best lower bound was 1/31.1.
Introduction
Throughout this paper we consider graphs with no loops or parallel edges, unless stated otherwise. A topological graph is a graph drawn in the plane with its vertices as points and its edges as Jordan arcs that connect corresponding points and do not contain any other vertex as an interior point. Every pair of edges in a topological graph have a finite number of intersection points. If every pair of edges intersect at most once, then the topological graph is simple. The intersection point of two edges is either a vertex that is common to both edges, or a crossing point at which one edge passes from one side of the other edge to its other side.
A crossing in a topological graph consists of a pair of crossing edges and a point in which they cross. We will be interested in the maximum number of crossings an edge is involved in, and in the total number of crossings in a graph. Therefore, we may assume henceforth that the topological graphs that we consider do not contain three edges crossing at a single point. Indeed, if more than two edges cross at a point p, then we can redraw these edges at a small neighborhood of p such that no three of them cross at a point and without changing the number of crossings in which each of these edges is involved.
Therefore, the crossing number of a topological graph D, cr(D), can be defined as the total number of crossing points in D. The crossing number of an abstract graph G, cr(G), is the minimum value of cr(D) taken over all drawings D of G as a topological graph. It is not hard to see that if D is a drawing of G as a topological graph such that cr(G) = cr(D), then D is a simple topological graph. Indeed, if D has two edges e 1 and e 2 that intersect at two points p 1 and p 2 , then at least one of these intersection points is a crossing point, for otherwise e 1 and e 2 are parallel edges. By swapping the segments of e 1 and e 2 between p 1 and p 2 and modifying the drawing of e 1 in a small neighborhood of the crossing points among p 1 and p 2 , we obtain a drawing of G as a topological graph with fewer crossings.
Albertson conjecture. The chromatic number of a graph G, χ(G), is the minimum number of colors needed for coloring the vertices of G such that none of its edges has monochromatic endpoints. In 2007 Albertson conjectured that if χ(G) = r then cr(G) ≥ cr(K r ). That is, the crossing number of an r-chromatic graph is at least the crossing number of the complete graph on r vertices.
If G contains a subdivision 1 of K r as a subgraph, then clearly cr(G) ≥ cr(K r ). A stronger conjecture (than Albertson conjecture and also than Hadwiger conjecture 2 ) is therefore that if χ(G) = r then G contains a subdivision of K r . However, this conjecture, which was attributed to Hajós, was refuted for r ≥ 7 [11, 13] .
Albertson conjecture is known to hold for small values of r: For r = 5 it is equivalent to the Four Color Theorem, whereas for r = 6, r ≤ 12, and r ≤ 16, it was verified by Oporowskia and Zhao [20] , Albertson, Cranston, and Fox [8] , and Barát and Tóth [9] , respectively. By using the new bound in Theorem 5 and following the approach in [8, 9] , we can now verify Albertson conjecture for r ≤ 18.
Theorem 7. Let G be an n-vertex r-chromatic graph. If r ≤ 18 or r = 19 and n = 37, 38, then cr(G) ≥ cr(K r ).
Organization. The bulk of this paper is devoted to proving Theorem 4 in Section 2. In Section 3 we recall how the improved crossing numbers are obtained, and their consequences.
Proof of Theorem 4
Most of this section (and of the paper) is devoted to proving the upper bound in Theorem 4. Let G be a topological graph with n ≥ 3 vertices and at most four crossings per edge. We prove the theorem by induction on n. For n ≤ 10 we have 6n − 12 ≤ n 2 and thus the theorem trivially holds. Therefore, we assume that n ≥ 11. Furthermore, we may assume that the degree of every vertex in G is at least 7, for otherwise the theorem easily follows by removing a vertex of a small degree and applying induction.
For a topological graph G we denote by M (G) the plane map induced by G. That is, the vertices of M (G) are the vertices and crossing points in G, and the edges of M (G) are the crossing-free segments of the edges of G (where each such edge-segment connects two vertices of M (G)). We will use capital letters to denote the vertices of G, and small letters to denote crossing points in G (that are vertices in M (G)). An edge of M (G) will usually be denoted by its endpoints, e.g., xy. Proof. Assume that M (G) has a vertex x such that M (G) \ {x} is not connected. The vertex x is either a vertex of G or a crossing point of two of its edges. Suppose that x is vertex of G. Then, G \ {x} is also not connected. Let G 1 , . . . , G k be the connected components of G \ {x}, let G ′ be the topological graph induced by V (G 1 ) ∪ {x} and let G ′′ be the topological graph induced by V (G 2 ) ∪ . . . ∪ V (G k ) ∪ {x}. Note that 6 ≤ |V (G ′ )|, |V (G ′′ )| < n, since δ(G) ≥ 7. Therefore, it follows from the induction hypothesis that |E(G)| ≤ 6|V (G ′ )| − 12 + 6|V (G ′′ )| − 12 = 6(n + 1) − 24 < 6n − 12.
Suppose now that x is a crossing point of two edge e 1 and e 2 . LetĜ be the topological graph we obtain by adding x has a vertex to G. Therefore, |V (Ĝ)| = n + 1 and |E(Ĝ)| = |E(G)| + 2. Let G 1 , . . . , G k be the connected components ofĜ \ {x}, let G ′ be the topological graph induced by V (G 1 ) ∪ {x} and let G ′′ be the topological graph induced by V (G 2 ) ∪ . . . ∪ V (G k ) ∪ {x}. Note that 6 ≤ |V (G ′ )|, |V (G ′′ )| < n, since δ(G) ≥ 7. Therefore, it follows from the induction hypothesis that |E(G)| ≤ 6|V (G ′ )| − 12 + 6|V (G ′′ )| − 12 − 2 = 6(n + 2) − 26 < 6n − 12.
The boundary of a face f in M (G) consists of all the edges of M (G) that are incident to f . Since M (G) is 2-connected, the boundary of every face in M (G) is a simple cycle. Thus, we can define the size of a face f , |f |, as the number of edges of M (G) on its boundary. We will keep this fact in mind when analyzing some cases later.
Observation 2.2. The boundary of every face in M (G) is a simple cycle.
We use the Discharging Method to prove Theorem 4. This technique, that was introduced and used successfully for proving structural properties of planar graphs (most notably, in the proof of the Four Color Theorem [5] ), has recently proven to be a useful tool also for solving several problems in geometric graph theory [1, 2, 6, 17, 23] . In our case, we begin by assigning a charge to every face of the planar map M (G) such that the total charge is 4n − 8. Then, we redistribute the charge in several steps such that eventually the charge of every face is nonnegative and the charge of every vertex A ∈ V (G) is deg(A)/3. Hence, 2|E(G)|/3 = A∈V (G) deg(A)/3 ≤ 4n − 8 and we get the desired bound on |E(G)|. Next we describe the proof in details. Unfortunately, as it often happens when using the discharging method, the proof requires considering many cases and subcases.
Charging. Let V ′ , E ′ , and F ′ denote the vertex, edge, and face sets of M (G), respectively. For a face f ∈ F ′ we denote by V (f ) the set of vertices of G that are incident to f . It is easy to see that f ∈F ′ |V (f )| = A∈V (G) deg(A) and that f ∈F ′ |f | = 2|E ′ | = u∈V ′ deg(u). Note also that every vertex in V ′ \ V (G) is a crossing point in G and therefore its degree in M (G) is four. Hence, Assigning every face f ∈ F ′ a charge of |f | + |V (f )| − 4, we get that total charge over all faces is
where the last equality follows from Euler's Polyhedral Formula by which |V ′ |+|F ′ |−|E ′ | = 2 (recall that M (G) is connected).
Discharging. We will redistribute the charges in several steps. We denote by ch i (x) the charge of an element x (either a face in F ′ or a vertex in V (G)) after the ith step, where ch 0 (·) represents the initial charge function. We will use the terms triangles, quadrilaterals, pentagons and hexagons to refer to faces of size 3, 4, 5 and 6, respectively. An integer before the name of a face denotes the number of original vertices it is incident to. For example, a 2-triangle is a face of size 3 that is incident to 2 original vertices. Since G is a simple topological graph, there are no faces of size 2 in F ′ . Therefore, initially, the only faces with a negative charge are 0-triangles.
Step 1: Charging 0-triangles. Let t be a 0-triangle, let e 1 be one of its edges, and let f 1 be the other face that is incident to e 1 (see Figure 1 (a)). It must be that |f 1 | > 3, for otherwise there would be two edges of G that intersect twice. If f 1 is not a 0-quadrilateral, then we move 1/3 units of charge from f 1 to t, and say that f 1 contributed 1/3 units of charge to t through e 1 . Otherwise, if f 1 is a 0-quadrilateral, let e 2 be the edge opposite to e 1 in f 1 , and let f 2 be the other face that is incident to e 2 . If f 2 is not a 0-quadrilateral, then f 2 contributes 1/3 units of charge to t through e 2 . Otherwise, let e 3 be the edge opposite to e 2 in f 2 and let f 3 be the other face that is incident to e 3 . The face f 3 contributes 1/3 units of charge to t through e 3 . Note that f 3 cannot be a 0-quadrilateral since this would imply that two of the edges that support t are crossed five times. Note also that f 1 , f 2 , f 3 (if defined) are distinct faces, for otherwise there must be an edge that crosses itself. In a similar way t obtains 2/3 units of charge from the two other 'directions'. Thus, after the first discharging step the charge of every 0-triangle is zero. Recall that according to our plan, the charge of every original vertex should be one third of its degree. The next discharging step takes care of this.
Step 2: Charging the vertices of G. In this step every vertex of G takes 1/3 units of charge from each face it is incident to (see Figure 1(b) ).
It follows from Observation 2.3 and the discharging steps that ch 2 (f ) ≥ 2|f |/3+2|V (f )|/3− 4, for every face f . Therefore
Figure 2: g 1 and g 2 are the neighbors of the 1-triangle t. The wedge of t is t ∪ f 1 and f 2 is its wedge-neighbor. If ch 2 (g 1 ), ch 2 (g 2 ) ≤ 0 and g 1 is not a 1-triangle, then g 1 is a 1-quadrilateral that contributed charge to two 0-triangles in Step 1 and e is crossed five times.
After the second discharging step the charge of every vertex A ∈ V (G) is deg(A)/3 and the only faces with a negative charge are 1-triangles and 0-pentagons. In the next three steps we redistribute the charges such that the charge of every 1-triangle becomes zero.
Let t be a 1-triangle and let A ∈ V (G) be the vertex of G that is incident to t. Let g 1 and g 2 be the two faces that share an edge of M (G) with f and are also incident to A. We call g 1 and g 2 the neighbors of t (see Figure 2 for an example). Note that it is impossible that g 1 = g 2 , for otherwise deg(A) = 2 < 7 ≤ δ(G) or A is cut vertex in M (G).
Next, we define the wedge and the wedge-neighbor of t. Let e 1 be the edge of t that is opposite to A and let f 1 be the other face that is incident to e 1 . For i ≥ 1, if f i is a 0-quadrilateral then we denote by e i+1 the edge of f i that is opposite to e i and by f i+1 the other face that is incident to e i+1 . Note that all the faces f i are distinct, for otherwise there would be a self-crossing edge in G. Let j be the maximum index for which f j is defined. Note that j ≤ 4 since the existence of f 5 would imply that the two edges that support t and are incident to A are crossed five times. The wedge of t consists of t and j−1 i=1 f j and we call f j the wedge-neighbor of t.
Proposition 2.5. Let f be a 1-triangle and let g 1 and g 2 be its neighbors. If ch 2 (g 1 ) ≤ 0 and ch 2 (g 2 ) ≤ 0, then g 1 and g 2 are 1-triangles.
Proof. Suppose that ch 2 (g 1 ), ch 2 (g 2 ) ≤ 0 and recall that g 1 = g 2 . The neighbors of a 1-triangle must be incident to at least one vertex of G. Therefore, by Observation 2.4, each of g 1 and g 2 is either a 1-triangle or a 1-quadrilateral that has contributed charge to two 0-triangles in Step 1. Suppose without loss of generality that g 1 is such a 1-quadrilateral (if g 1 and g 2 are 1-triangles, then we are done). Let A be the vertex of G that is incident to f and let e be the edge of G that contains the edge of f that is opposite to A in f . Since g 1 contributes charge to two 0-triangles in Step 1, it follows that one of these 0-triangles, denote it by t, has an edge that is contained in e. However, this implies that e has five crossing points (two vertices of each of t, g 1 , f , and g 2 , see Figure 3 ).
If both neighbors of a 1-triangle have a non-positive charge, and are therefore 1-triangles
Figure 4: Discharging Steps 3, 4 and 5: In Step 3 t receives 1/3 units of charge from its wedge neighbor f through the edge xy. In Step 4 t ′ receives 1/6 units of charge from its neighbor g through the edge Az. In Step 5 t ′ receives 1/6 units of charge from its wedge neighbor f ′ through the edge wy.
by Proposition 2.5, then this 1-triangle obtains the missing charge from its wedge.
Step 3: Charging 1-triangles with 'poor' neighbors. If t is a 1-triangle whose two neighbors are 1-triangles, then the wedge-neighbor of t contributes 1/3 units of charge to t through the edge of M (G) that it shares with the wedge of t (see Figure 4 ).
Note that in
Step 3, as in Step 1, charge is contributed only through edges whose both endpoints are crossing points. Moreover, a face cannot contribute through the same edge in Steps 1 and 3. Therefore, there if ch 3 (f ) < 0 for a face f , then f is either a 1-triangle or a 0-pentagon. Proposition 2.6. Let f be a face that contributes charge in Step 3 to a 1-triangle t through one of its edges e such that e is an edge of t. Then f does not contribute charge in Step 1 or 3 through neither of its two edges that are incident to e.
Proof. Let (A, B) be the edge of G that contains e and let e ′ be an edge of f that is incident to e. Denote by v the vertex of f that is incident to both e and e ′ . Note that (A, B) contains four crossing points: the endpoints of e and two crossing points, one on each side of e on (A, B), since the neighbors of t must be 1-triangles.
Suppose that f contributes charge through e ′ to a triangle t ′ in Step 1 or 3. Let g be the 1-triangle that is a neighbor of t and is incident to v, and let f ′ 1 be the other face but f that is incident to e ′ (see Figure 5 ). Observe that f ′ 1 and g share an edge and therefore f ′ 1 cannot be a 1-triangle or a 0-triangle (the latter implies that two edges of G intersect twice). If the wedge of t ′ contains more than one 0-quadrilateral, then (A, B) has more than four crossings. Thus, f ′ 1 must be a 0-quadrilateral that shares an edge with the triangle t ′ to which f contributes charge through e ′ . If t ′ is a 1-triangle, then one of its neighbors shares edges with t ′ and g, which implies that this neighbor is incident to two original vertices (of t and t ′ ) and is therefore not a 1-triangle (recall that if t ′ gets charge in Step 3, then its neighbors must be 1-triangles). Otherwise, if t ′ is a 0-triangle, then the edge (A, B) has more than four crossings (see Figure 5 (b)).
Let f be a 1-triangle with a negative charge after Step 3. The missing charge of f will come from either both of its neighbors or from one neighbor and the wedge-neighbor of f . The next proposition shows that if the charge of one neighbor of f is zero (implying that this neighbor is a 1-quadrilateral or a 1-triangle), then the other neighbor of f is able to contribute charge to f . Proposition 2.7. Let f be a 1-triangle and let g 1 and g 2 be its neighbors. If If f contributes charge to t through e in Step 3 and e is an edge of t, then f cannot contribute charge to a triangle t ′ through an edge e ′ that is incident to e. Proof. Recall that a face that contributes charge through one of its edges in Step 3 cannot contribute charge through the same edge in Step 1. It follows from this fact and from Observation 2.4 that if a face is incident to a vertex of G and its charge after Step 3 is zero, then this face is either a 1-triangle or a 1-quadrilateral. Assume that ch 3 (g 1 ) = 0. Let A be the vertex of G that is incident to f , let e be the edge f that is opposite to A and let (B, C) be the edge of G that contains e (see Figure 6 (a)). Consider first the case that g 1 is a 1-triangle. Since g 1 got its missing charge in Step 3, its neighbors are 1-triangles. Then (B, C) has four crossing points, since it supports three 1-triangles (g 1 and its neighbors). Therefore it is impossible that both endpoints of the edge of g 2 that is contained in (B, C) are crossing points. It follows that g 2 is incident to another vertex of G but A (either B or C).
Suppose now that g 1 is a 1-quadrilateral and ch 3 (g 1 ) = 0. Denote by e ′ the other edge but e through which g 1 contributes charge in either Step 1 or 3. Note that if g 1 contributes charge to a 1-triangle t in Step 3, then e ′ is not an edge of t. Indeed, if g 1 and t share e ′ , then it follows from Proposition 2.6 that g 1 does not contribute charge through e and so ch 3 (g 1 ) ≥ 1/3. Therefore, (B, C) supports f , g 1 , and either a 0-triangle (if g 1 contributes through e ′ in
Step 1, see Figure 6 (b)) or a 0-quadrilateral and a 1-triangle (if g 1 contributes through e ′ in Step 3, see Figure 6 (c)). This implies that (B, C) already contains four crossings, and therefore the edge of g 2 that is contained in (B, C) must be incident to a vertex of G different than A (either B or C).
Recall that after
Step 3 the charge of every 1-triangle whose two neighbors have a non-positive charge (and hence are 1-triangles themselves by Proposition 2.5) becomes zero.
Step 4: Charging 1-triangles with positive neighbors. Let t ′ be a 1-triangle such that ch 3 (t ′ ) < 0 and let g be a neighbor of f such that ch 3 (g) > 0. Denote by g ′ the other neighbor of f . Then g contributes 1/6 units of charge to t ′ through the edge of M (G) that they share in each of the following cases:
• g is not a 1-quadrilateral;
• g is a 1-quadrilateral and ch 3 (g) ≥ 2/3; or • g is a 1-quadrilateral, ch 3 (g) = 1/3, and g ′ is a 1-triangle or g ′ is a 1-quadrilateral and ch 3 (g ′ ) = 1/3.
See Figure 4 for an illustration of Step 4.
Proposition 2.8. There is no face f such that ch 3 (f ) ≥ 0 and ch 4 (f ) < 0.
Proof. Let f be face. Note that f may contribute charge in Step 4 through one of its edges, only if the endpoints of this edge consist of one original vertex of G and one crossing point. Therefore f cannot contribute charge through the same edge in steps 1,3, or 4, and we only have to consider faces containing original vertices of G.
If f is a 1-triangle, then ch 3 (f ) ≤ 0 and so it cannot contribute charge in Step 4. If f is a 2-triangle, then ch 3 (f ) = 1/3 and f is the neighbor of at most two 1-triangles and so ch 4 (f ) ≥ 0. If f is a 3-triangle then f is not a neighbor of any 1-triangle and so ch 4 (f ) = ch 3 (f ) = 1. If f is a 1-quadrilateral then it contributes charge (to at most two 1-triangles) only if ch 3 (f ) ≥ 1/3 and therefore ch 4 (f ) ≥ 0. If |V (f )| > 1 or |f | > 4, then it is easy to see that the charge of f remains positive.
Proof. Let g 1 and g 2 be the neighbors of f . If ch 4 (f ) < −1/6 it means that f did not receive any charge from neither g 1 nor g 2 in Step 4. The only faces that contain an original vertex and may have a non-positive charge after Step 3 are 1-triangles and 1-quadrilaterals. Therefore, each of g 1 and g 2 is either a 1-triangle or a 1-quadrilateral. If both of them are 1-triangles, then f is charged in Step 3 and ch 3 (f ) = 0.
Suppose without loss of generality that |g 1 | ≥ |g 2 |, and therefore g 1 is a 1-quadrilateral. Considering Step 4, observe that f receives charge from g 1 or g 2 unless ch 3 (g 1 ) = 0 or ch 3 (g 1 ) = 1/3 and g 2 is a 1-quadrilateral such that ch 3 (g 2 ) = 0. In the first case |V (g 2 )| ≥ 2 by Proposition 2.7 and so ch 3 (g 2 ) > 0. The second case is actually symmetric to the first case (switching the names of g 1 and g 2 ).
Proposition 2.10. If f is a 1-quadrilateral such that ch 3 (f ) = 1/3 then f contributes charge to at most one 1-triangle in Step 4. Proof. Suppose that f is a 1-quadrilateral such that V (f ) = {A}, ch 3 (f ) = 1/3 and f contributes charge to two 1-triangles t 1 and t 2 in Step 4. Let g 1 and g 2 be the other neighbors of t 1 and t 2 , respectively (it is impossible that g 1 = g 2 , for otherwise deg(A) < 7 or A is a cut vertex). Note that according to Step 4 (third option), each of g 1 and g 2 must be either a 1-triangle or a 1-quadrilateral whose charge is 1/3 after Step 3. Observe also that it is impossible that ch 2 (f ) < 2/3, that is, that f contributes charge to at least one 0-triangle in Step 1. Indeed, this would imply that an edge of G that contains an edge of f that is not incident to A already has four crossings among the vertices of f and the 0-and 1-triangles to which f contributes charge. It then follows that |V (g 1 )| ≥ 2 or |V (g 2 )| ≥ 2 (see Figure 7 (a) for an illustration). Therefore, assume that ch 2 (f ) = 2/3 and denote by t ′ the 1-triangle to which f has contributed charge in Step 3. Suppose without loss of generality that f contributes charge to t ′ through the edge that is opposite to the edge through which f contributes charge to t 1 (see Figure 7 (b)). Note that t ′ must share an edge (of M (G)) with f , for otherwise, as before, |V (g 1 )| ≥ 2. Let B be the vertex of G that is incident to t ′ . Since t ′ receives charge in Step 3, both of its neighbors are 1-triangles. However, this implies that there are two parallel edges whose endpoints are A and B.
Step 5: Finish charging 1-triangles. Let t ′ be a 1-triangle, let f ′ be the wedge-neighbor of t ′ and let e ′ be the edge of M (G) that is shared by f ′ and the wedge of t ′ . If ch 4 (t ′ ) < 0 then f ′ contributes 1/6 units of charge to t ′ through e ′ (see Figure 4 for an illustration). Proof. It follows from Proposition 2.9 and Step 5 that the charge of every 1-triangle is zero after the fifth discharging step. Suppose that f is a 1-quadrilateral. Then ch 3 (f ) is either 0, 1/3, or 2/3. If ch 3 (f ) = 0 then f does not contribute charge in Steps 4 and 5, and therefore ch 5 (f ) = 0. If ch 3 (f ) = 1/3 then it follows from Proposition 2.10 that ch 4 (f ) ≥ 1/6 and so ch 5 (f ) ≥ 0. If ch 3 (f ) = 2/3 then clearly ch 5 (f ) ≥ 1/6. It is not hard to see, recalling Observation 2.11, that the charge of any other face but a 0-pentagon cannot be negative. Let x be a crossing point in G and let f 1 , f 2 , f 3 , f 4 be the four faces that are incident to x, listed in their clockwise order around x. Note that these faces are distinct, since M (G) is 2-connected. We say that f 1 and f 3 (resp., f 2 and f 4 ) are vertex-neighbors at x.
Step 6: Charging 0-pentagons. Let f be a face such that ch 5 (f ) > 0 and let B(f ) be the set of 0-pentagons f ′ such that ch 5 (f ′ ) < 0 and f ′ is a vertex-neighbor of f . If B(f ) = ∅ then in the sixth discharging step f sends ch 5 (f )/|B(f )| units of charge to every 0-pentagon in B(f ) through the vertex by which they are vertex-neighbors. Proof. Suppose that V (f ) = {A}. Then f may contribute at most 1/6 units of charge through each of its two edges that are incident to A, and at most 1/3 units of charge through every other edge. Therefore
Suppose now that V (f ) = {A, B}. If A and B are consecutive on the boundary of f , then f does not contribute charge through the edge (A, B), contributes at most 1/6 units of charge through two edges, and at most 1/3 units of charge through every other edge. Therefore,
If A and B are not consecutive on the boundary of f , then f contributes at most 1/6 units of charge through four edges, and at most 1/3 units of charge through every other edge. Therefore,
Note that if f is incident to more than two original vertices, then each additional vertex increases its charge after Step 5 by 2/3. Corollary 2.14. Let f and f ′ be two faces such that f contributes charge to f ′ in Step 6. If |V (f )| ≥ 2 and |f | ≥ 4, then f ′ receives at least 1/3 units of charge from f .
It follows from Proposition 2.12 and
Step 6 that it remains to show that after the last discharging step the charge of every 0-pentagon is nonnegative. A 0-pentagon can contribute either 1/3 or 1/6 units of charge (to a triangle) at most once through each of its edges. We analyze the charge of 0-pentagons according to their charge after Step 1 in Lemmas 2.17, 2.18, 2.19, 2.24 and 2.25. In all cases we conclude that the charge of the 0-pentagons after Step 6 is non-negative. Recall that since M (G) is 2-connected, the boundary of every 0-pentagon is a simple 5-cycle.
Next, we introduce some useful notations. Let f be a 0-pentagon. The vertices of f are denoted by v 0 , . . . , v 4 , listed in their clockwise cyclic order. The edges of f are e i = v i−1 v i , for i = 0, . . . , 4 (addition and subtraction is modulo 5). For every edge e i = v i−1 v i we denote by (A i , B i ) the edge of G that contains e i , such that v i−1 is between A i and v i on (A i , B i ). Denote by t i the triangle to which f sends charge through e i , if such a triangle exists. Note that if t i is a 1-triangle then one of its vertices is A i−1 = B i+1 . Its other vertices will be denoted by x i and y i such that x i is contained in (A i−1 , B i−1 ) and y i is contained in (A i+1 , B i+1 ). If t i is a 0-triangle, then w i denotes its vertex which is the crossing point of (A i−1 , B i−1 ) and (A i+1 , B i+1 ), and, as before, x i and y i denote its other vertices. Finally, we denote by f i the vertex-neighbor of f at v i . See Figure 8 for an example of these notations. Note also that in all the figures bold edge-segments mark edges of M (G) and filled circles represent vertices of G.
It might happen that different names refer to the same point (e.g., A 0 and B 3 in Figure 8 ).
Proposition 2.16. Let f be a 0-pentagon that contributes charge in Step 1 through e i and e i+1 , 0 ≤ i ≤ 4, and also contributes charge through e i+3 to a 1-triangle whose wedge contains one 0-quadrilateral or to a 0-triangle. If ch 5 (f ) < 0 then f receives at least 1/3 units of charge from f i in Step 6. Proof. Assume without loss of generality that i = 0. Each of (A 2 , B 2 ) and (A 4 , B 4 ) supports one 0-triangle, one 0-pentagon, and either another 0-triangle or a 0-quadrilateral. Thus, they already have four crossings among the vertices of these faces (see Figure 9 ). Therefore, A 2 w 1 , w 1 v 0 , v 0 w 0 and w 0 B 4 are edges of f 0 . Note that A 2 = B 4 for otherwise there would be two edges that intersect twice. Thus, |f 0 | ≥ 5 and |V (f 0 )| ≥ 2. The claim now follows from Corollary 2.14. 
Figure 8: The notations used for vertices, edges, and faces near a 0-pentagon f . Bold edge-segments mark edges of M (G). Figure 9 : f contributes charge through e 0 and e 1 in Step 1 and also contributes charge through e 3 either to a 0-triangle or to a 1-triangle whose wedge contains one 0-quadrilateral. Then f receives charge from f 0 in Step 6.
(a) f contributes charge to t0, t1, t2 in
Step 1 and to t3 in Step 5.
e 2 e 4 t 0
Step 1, to t3 in Step 3, and to t4 in either
Step 3 or 5. 
Proof. If ch 1 (f ) < 0 then f contributes charge to at least four 0-triangles in Step 1. Assume without loss of generality that f contributes charge in Step 1 through e 0 , e 1 , e 2 , e 3 . It follows from Proposition 2.16 that f receives at least 1/3 units of charge from each of f 0 and f 2 and therefore ch 6 (f ) ≥ 0.
Proof. Since ch 1 (f ) = 0, f contributes charge through exactly three of its edges in Step 1. We consider two cases, according to whether these edges are consecutive on the boundary of f .
Case 1: Assume without loss of generality that f contributes charge in Step 1 through e 0 , e 1 and e 2 . If ch 5 (f ) < 0, then f contributes charge through at least one more edge. Suppose without loss of generality that f contributes charge through e 3 . Subcase 1.1: If f contributes charge through e 3 in Step 3, then the wedge of t 3 must contain exactly one 0-quadrilateral. Indeed, more than one 0-quadrilateral implies five crossings on (A 2 , B 2 ), and if t 3 shares an edge with f , then it follows from Proposition 2.6 that f cannot contribute charge through e 2 in Step 1. It follows from Proposition 2.16 that f receives at least 1/3 units of charge from f 0 that compensate for the charge taken by t 3 . Subcase 1.2: If f contributes 1/6 units of charge through e 3 in Step 5, then again if the wedge of t 3 contains one 0-quadrilateral, then f 0 compensates for the charge taken by t 3 . Assume therefore that t 3 and f share an edge (see Figure 10 (a)). It follows that B 2 is incident to f 2 . Since (A 1 , B 1 ) supports t 0 , f and t 2 , it already has four crossings, and therefore B 1 is also a vertex of f 2 . Note that B 1 = B 2 by Observation 2.15. Thus, |V (f 2 )| ≥ 2 and |f 2 | ≥ 4, and therefore, by Corollary 2.14, f 2 sends at least 1/3 units of charge to f in Step 6. Note that if f contributes charge through e 4 , then by symmetry either f 1 or f 3 compensates for this charge in Step 6. This concludes Case 1.
Case 2: Assume without loss of generality that f contributes charge in Step 1 through e 0 , e 1 and e 3 . It follows from Proposition 2.16 that f receives at least 1/3 units of charge from f 0 in Step 6. Therefore, if ch 6 (f ) < 0, then f must contribute at least 1/3 units of charge through one of e 2 and e 4 , and at least 1/6 units of charge through the other edge. Suppose without loss of generality that f contributes 1/3 units of charge through e 2 in Step 3, see Figure 10 (b). Then the wedge of t 2 must contain exactly one 0-quadrilateral. Indeed, more than one 0-quadrilateral implies five crossings on (A 1 , B 1 ), whereas no 0-quadrilaterals implies that f cannot contribute charge through e 1 and e 3 in Step 1 by Proposition 2.6. Moreover, the wedge of t 4 must also contain exactly one 0-quadrilateral: more than one 0-quadrilateral implies five crossings on (A 3 , B 3 ). If t 4 shares an edge with f , then its neighbors would be f 3 and f 4 . However, in this case each of these faces would be incident to at least two original vertices of G and they would contribute charge to t 4 in Step 4 (and so f would not contribute charge to t 4 in Step 5).
It follows that f 1 is incident to B 0 and is a vertex-neighbor of f 0 and that f 4 is incident to A 1 and is a vertex-neighbor of f 0 . Therefore,
. Consider f 0 and observe that |f 0 | ≥ 5 and |V (f 0 )| ≥ 2. Note also that f 0 does not contribute charge through A 2 w 1 (resp., w 0 B 4 ) since the face it shares this edge with is incident to two original vertices. Thus, f 0 contributes at least
≥ 2/3 units of charge to every face in B(f 0 ) in Step 6 (including f ) and so ch 6 (f ) ≥ 0.
Proof. Suppose that ch 1 (f ) = 1/3 and ch 5 (f ) < 0. Assume without loss of generality that f contributes 1/3 units of charge in Step 1 to t 0 through e 0 . By symmetry, there are two cases to consider, according to whether the other edge through which f sends charge in Step 1 is e 1 or e 2 .
Case 1: f contributes charge through e 0 and e 1 in Step 1. We will use the following propositions.
Proposition 2.20. Let f be a 0-pentagon such that ch 5 (f ) < 0, f contributes charge through e i and e i+1 in Step 1, and through e i+2 (resp.,
Step 6. Otherwise, f i+1 (resp., f i+4 ) contributes at least 1/3 units of charge to f in Step 6. Proof. Assume without loss of generality that i = 0. By symmetry, it is enough to consider the case that f contributes charge through e 2 in Step 3. It follows from Proposition 2.6 and the maximum number of crossings per edge that the wedge of t 2 contains exactly one 0-quadrilateral. Since (A 1 , B 1 ) has four crossings, it follows that A 1 and w 0 are vertices of f 4 . Note that |f 4 | ≥ 4, for otherwise if |f 4 | = 3 then this implies that A 1 = A 0 which is impossible by Observation 2.15.
If A 0 ∈ V (f 4 ) (see Figure 11(a) ), then it follows from Corollary 2.14 that f 4 sends at least 1/3 units of charge to f in Step 6.
Otherwise, if A 0 is not a vertex of f 4 , then it follows that B 0 and w 1 are vertices of f 1 (see Figure 11(b) ). Let z be the vertex of f 1 that precedes x 2 in the clockwise order of the t 0
(a) If A0 ∈ V (f4), then f4 sends at least 1/3 unit of charge to f in Step 6. vertices on the boundary of f 1 . Recall that the two neighbors of t 2 must be 1-triangles and therefore z is a crossing point in G. Observe that f contributes at most 1/6 units of charge through each of zx 2 and w 1 B 0 , and at most 1/3 units of charge through each of x 2 v 1 and v 1 w 1 . Let k ≥ 1 be the number of edges on the clockwise chain from B 0 to z on the boundary of f 1 . Then
z is an edge of f 1 , then notice that the other face that shares this edge with f 1 is incident to at least two original vertices. Therefore, f 1 does not contribute charge through B 0 z and hence ch 5 (f 1 ) ≥ 5+1−4−1/3−2/3−2/6 = 2/3. In this case |B(f 1 )| ≤ 2 and therefore, as before, f receives at least 1/3 units of charge from f 1 in Step 6. Proposition 2.21. Let f be a 0-pentagon such that ch 5 (f ) < 0, f contributes charge through e i and e i+1 in Step 1 and through e i+2 (resp., e i−1 ) and e i+3 in Steps 3 or 5. Suppose further that the wedge of t i+2 (resp., t i−1 ) contain one 0-quadrilateral and the wedge fo t i+3 contains no 0-quadrilateral. If A i ∈ V (f i+4 ) (resp., B i+1 ∈ V (f i+1 )), then f i+4 (resp., f i+1 ) contributes at least 1/3 units of charge to f in Step 6. Otherwise, f i+4 (resp., f i+1 ) contributes at least 1/6 units of charge to f in Step 6. Proof. Assume without loss of generality that i = 0. By symmetry, it is enough to consider the case that f contributes charge through e 2 in Step 3 or 5. It follows from the maximum number of crossings per edge that the wedge of t 2 contains exactly one 0-quadrilateral. Since (A 1 , B 1 ) has four crossings, it follows that A 1 and w 0 are vertices of f 4 . Note that |f 4 | ≥ 4, for otherwise if |f 4 | = 3 then this implies that A 1 = A 0 which is impossible by Observation 2.15.
If A 0 ∈ V (f 4 ) (see Figure 12(a) ), then it follows from Corollary 2.14 that f 4 sends at least 1/3 units of charge to f in Step 6. Suppose that A 0 / ∈ V (f 4 ) and let z be the crossing point on (A 0 , B 0 ) between A 0 and v 4 (see Figure 12(b) ). If f 4 contributes charge through v 4 z, then the receiver of this charge must be a 1-triangle whose neighbors are t 3 and a face that is incident to at least two original vertices. Therefore f 4 contributes at most 1/6 units of charge through v 4 z. Note that it also contributes at most 1/6 units of charge through A 1 w 0 .
Let k ≥ 1 be the number of edges on the clockwise chain from z to A 1 on the boundary of f 4 . Note that f 4 contributes at most 1/6 units of charge through the edge in this chain that is incident to A 1 and at most 1/3 units of charge through every other edge. Thus,
. Note |B(f 4 )| ≤ k + 1 since the vertex-neighbor of f 4 at z is incident to A 0 . Therefore, if k ≥ 2 then every 0-pentagon in B(f 4 ) (including f ) receives at least 2k/3−5/6 k+1 ≥ 1/6 units of charge from f 4 in Step 6. If k = 1, that is, zA 1 is an edge of f 4 , then notice that the other face that shares this edge with f 4 is incident to at least two original vertices. Therefore, f 4 does not contribute charge through zA 1 . Observe that f 4 does not contribute charge through A 1 w 0 in Step 4. Indeed, if f 4 shares the edge A 1 w 0 with a 1-triangle w 0 A 1 r, then Since (A 4 , B 4 ) already has four crossing the other neighbor of this 1-triangle is incident to two original vertices. It follows from the statement of Step 4 that the 1-quadrilateral f 4 whose charge after Step 3 is 1/3 does not contribute charge through A 1 w 0 . Thus, ch 5 (f 4 ) ≥ 1/6. Suppose that f 4 is a vertex-neighbor of a 0-pentagon through w 0 . Then this 0-pentagon is f 0 . Denote the vertices of f 0 by v 0 , w 0 , r, q, w 1 listed in clockwise order (see Figure 12(b) ). Then f 0 does not contribute charge through rq, since (A 2 , B 2 ) and (A 4 , B 4 ) already intersect at A 4 = B 2 . If f 0 contributes charge through qw 1 , then the receiver of this charge must be a 1-triangle whose vertices are q, B 0 and w 1 , since (A 0 , B 0 ) already has four crossings. Because one neighbor of this 1-triangle is incident to two original vertices (A 2 and B 0 ), it follows that f 0 contributes at most 1/6 units of charge through qw 1 . For similar arguments f 0 also contributes at most 1/6 units of charge through w 0 r. Therefore ch 5 (f 0 ) ≥ 0 and f 0 / ∈ B(f 4 ). Since the vertex-neighbor of f through z is not a 0-pentagon (it is incident to A 0 ), we conclude that B(f 4 ) = {f } and therefore f receives at least 1/6 units of charge from f 4 in Step 6.
Recall that we consider now the case that f contributes charge through e 0 and e 1 in
Step 1 and ch 5 (f ) < 0. By symmetry, we may assume without loss of generality that the charge that f contributes thought e 4 is not greater than the charge it contributes through e 2 . Subcase 1.1: f contributes 1/3 units of charge through e 3 in Step 3. Note that the wedge of t 3 contains at most one 0-quadrilateral, for otherwise each of (A 2 , B 2 ) and (A 4 , B 4 ) would have more than four crossings. If the wedge of t 3 contains exactly one 0-quadrilateral, then it follows from Proposition 2.16 that f receives at least 1/3 units of charge from f 0 in Step 6. Therefore, if ch 6 (f ) < 0, then f must contribute charge in Step 3 through at least one of e 2 and e 4 . However, in this case it also get at least 1/3 units of charge from f 1 or f 4 , by Proposition 2.20, and ends up with a non-negative charge.
Suppose that the wedge of t 3 contains no 0-quadrilaterals. Then by Proposition 2.16 f does not contribute charge through neither e 2 nor e 4 in Step 3. Therefore, f must contribute 1/6 units of charge through e 2 in Step 5. If the wedge of t 2 contains no 0-quadrilaterals, then f 2 is incident to at least two original vertices (A 3 = B 1 and A 4 = B 2 ). However, since f 2 is also a neighbor of t 3 , it must be a 1-triangle. Therefore, the wedge of t 2 contains exactly one 0-quadrilateral (two 0-quadrilaterals would imply that (A 1 , B 1 ) and (A 3 , B 3 ) are crossed more than four times). Thus, by Proposition 2.21, f receives at least 1/6 units of charge from f 4 in Step 6.
If f also contributes 1/6 units of charge through e 4 in Step 5, then by Proposition 2.21 it receives at least 1/6 units of charge also from f 1 in Step 6. Therefore, ch 6 (f ) ≥ 0. Subcase 1.2: f contributes 1/6 units of charge through e 3 in Step 5. Since ch 5 (f ) < 0 and we have assumed that the amount of charge that f contributes through e 2 is at least the amount of charge it contributes through e 4 , it follows that f contributes at least 1/6 units of charge through e 2 .
If f contributes charge through e 2 in Step 3, then it follows from Proposition 2.20 that f receives at least 1/3 units of charge from either f 4 or f 1 in Step 6. Therefore, if f contributes at most 1/6 units of charge through e 4 , then it ends up with a non-negative charge. 
If f also contributes charge through e 4 in Step 3, then it follows from Proposition 2.6 that A 0 / ∈ f 4 and B 1 / ∈ f 1 (see Figure 13) . Therefore, it follows from Proposition 2.20 that f receives at least 1/3 units of charge from each of f 4 and f 1 , and therefore ch 6 (f ) ≥ 0.
It remains to consider the case that f contributes 1/6 through each of e 2 and e 4 . If the wedge of t 3 contains one 0-quadrilateral, then it follows from Proposition 2.16 that f receives at least 1/3 units of charge from f 0 and therefore ch 6 (f ) ≥ 0. Assume therefore that that wedge of t 3 contains no 0-quadrilaterals. If the wedges of t 2 and t 4 also contain no 0-quadrilaterals, then each of the neighbors of t 3 is incident to at least two original vertices, and so f does not contribute charge to t 3 . Assume, without loss of generality, that the wedge of t 2 contains one 0-quadrilateral (note that two 0-quadrilateral would imply more than four crossings for (A 1 , B 1 ) ). By Proposition 2.21 f receives at least 1/6 units of charge from f 4 and so ch 6 (f ) ≥ 0. Subcase 1.3: f does not contribute charge through e 3 . Since ch 5 (f ) < 0 and the amount of charge f contributes through e 2 is at least the amount of charge it contributes through e 4 , f must contribute charge through e 2 in Step 3. However, by Proposition 2.20 f receives at least 1/3 units of charge from f 1 or f 4 in Step 6 and so ch 6 (f ) ≥ 0.
Case 2: f contributes charge through e 0 and e 2 in Step 1. Note that since (A 1 , B 1 ) has four crossings (because it supports f and two 0-triangles), it follows that e 0 and e 2 are edges of t 0 and t 2 , respectively. Proposition 2.22. Let f be a 0-pentagon such that ch 5 (f ) < 0, f contributes charge through e i and e i+2 in Step 1 and through e i+3 (resp., e i+4 ) in Step 3. Then f receives at least 1/3 units of charge from f i+2 (resp., f i+4 ) in Step 6. Proof. Assume without loss of generality that i = 0. By symmetry, it is enough to consider the case that f contributes charge through e 3 in Step 3. It follows from Proposition 2.6 and the maximum number of crossings per edge that the wedge of t 3 contains exactly one quadrilateral. Therefore, B 1 , w 2 , v 2 and x 3 are vertices of f 2 . Observe that |f 2 | ≥ 5, since the two neighbors of t 2 are 1-triangles. Denote by z the vertex of f 2 that precedes x 3 in a clockwise order of the vertices of f 2 (see Figure 14) . Note that f 2 contributes at most 1/6 units of charge through w 2 B 1 and zx 3 and at most 1/3 units of charge through x 3 v 2 and v 2 w 2 . Observe also that f 2 cannot be a vertex-neighbor of a 0-pentagon through B 1 , z, and
Let k ≥ 1 be the number of edges on the clockwise chain from B 1 to z on the boundary of f 2 . Thus, |f 2 | = 4 + k. Then ch 5 (f 2 ) ≥ 4 + 2k/3 + 1 − 4 − 1/3 − 2/3 − 2/6 = (2k − 1)/3. Note that |B(f 2 )| ≤ k + 1 since f 2 is a not a vertex-neighbor of a 0-pentagon at B 1 , z, and x 3 . Therefore, if k ≥ 2, then every 0-pentagon in B(f 2 ) (including f ) receives at least 4 . By symmetry we may assume without loss of generality that the amount of charge that f contributes through e 3 is at least the amount of charge it contributes through e 4 . Therefore, it is enough to consider the following four subcases: f contributes 1/3 units of charge through e 1 and at least 1/6 units of charge through e 3 ; f contributes 1/6 units of charge through e 1 and 1/3 units of charge through e 3 ; f contributes 1/6 units of charge through each of e 1 , e 3 and e 4 ; and f does not contribute charge through e 1 . Subcase 2.1: f contributes 1/3 units of charge through e 1 and at least 1/6 units of charge through e 3 . It follows from Proposition 2.6 that the wedge of t 1 contains at least one 0-quadrilateral. Suppose that it contains two 0-quadrilaterals. Then {A 0 , A 1 } ⊆ V (f 4 ) and {B 1 , B 2 } ⊆ f 2 (see Figure 15(a) ). Therefore, by Corollary 2.14 f receives at least 1/3 units of charge from each of f 4 and f 2 in Step 6 and so ch 6 (f ) ≥ 0. Assume therefore that the wedge of t 1 contains exactly one 0-quadrilateral.
If the wedge of t 3 contains no 0-quadrilaterals, then {B 1 , B 2 } ⊆ V (f 2 ), and therefore it follows from Corollary 2.14 that ch 6 (f ) ≥ 0 (note that in this case by Proposition 2.6 f does not contribute charge to t 3 in Step 3). Assume therefore that the wedge of t 3 contains exactly one 0-quadrilateral, and consider the face f 0 (refer to Figure 15 Therefore if f contributes at most 1/6 units of charge through e 3 (and, hence, through e 4 ), then ch 6 (f ) ≥ 0. If f contributes 1/3 units of charge through e 3 , then it follows from Proposition 2.22 that it receives at least 1/3 units of charge from f 2 as well, and therefore ch 6 (f ) ≥ 0. Since the same arguments apply also for f 2 , it follows that if ch 6 (f ) < 0, then f 2 (resp., f 4 ) contributes charge in Step 1 or Step 3 to another triangle but t 0 (resp., t 2 ). If f 4 (resp., f 2 ) contributes charge in Step 1 to two 0-triangles, then one of these 0-triangles is f 3 (f 3 cannot be a 0-quadrilaeral for otherwise (A 4 , B 4 ) would have more than four crossings). If f 4 (resp., f 2 ) contributes charge in Step 3, then the 1-triangle that receives this charge is incident to A 4 = B 2 (resp., A 0 = B 3 ) and furthermore f 3 must be a 0-quadrilateral. It follows that either both of f 2 and f 4 contribute charge to two 0-triangles in Step 1 or both of them contribute charge in Step 3. However, the first case implies two parallel edges with endpoints A 1 and B 1 , see Figure 16 (a). The second case is also impossible since it implies that one neighbor of the two 1-triangles that receive charge from f 2 and f 4 is incident two original vertices (recall that the neighbors of a 1-triangle that receives charge in Step 3 are 1-triangles), see Figure 16 that f contributes charge through e 4 in Step 3. It follows from Proposition 2.6 that e 4 is not an edge of t 4 . Therefore, the wedge of t 4 contains exactly one 0-quadrilateral. Consider the face f 4 . It is incident to A 1 , w 0 , v 4 , and y 4 (see Figure 17 ). Denote by z the vertex that follows y 4 in a clockwise order of the vertices on the boundary of f 4 . Notice that since t 4 must have two neighboring 1-triangles, it follows that z = A 1 . Thus, |f 4 | ≥ 5. Note also that the face that is a vertex-neighbor of f 4 at z is incident to A 0 and is therefore not a 0-pentagon. Since the vertex-neighbors of f 4 at y 4 and A 1 are also not 0-pentagons, we have that |B(f 4 )| ≤ |f 4 | − 3. Observe that f 4 contributes at most 1/6 units of charge through y 4 z and the two edges that are incident to A 1 . Therefore f 4 contributes at least to f in Step 6. If f contributes 1/6 units of charge through e 3 , then we are done. Otherwise, if f contributes 1/3 units of charge through e 3 in Step 3, then by symmetry it also receives at least 1/6 units of charge from f 2 in Step 6 and therefore ch 6 (f ) ≥ 0.
This concludes the proof of Lemma 2.19.
Proposition 2.23. Let f be a 0-pentagon that contributes charge in
Step 3 through e i and e i+1 , for some 0 ≤ i ≤ 4, such that the wedges of t i and t i+1 each contain exactly one 0-quadrilateral. If ch 5 (f ) < 0 then f receives at least 1/3 units of charge from f i in Step 6.
Proof. Assume without loss of generality that i = 1 and refer to Figure 18 (a). Since t 1 and t 2 receive charge in Step 3, both of their neighbors are 1-triangles. Let A 2 y 1 p be the neighbor of t 1 that shares an edge with f 1 and let A 3 x 2 q be the neighbor of t 2 that shares an edge with f 1 (each of these triangles shares an edge with f 1 since the wedges of t 1 and t 2 each contains exactly one 0-quadrilateral). Observe that |f 1 | ≥ 5 and that f 1 contributes at most 1/6 units of charge through y 1 p and x 2 q. That is since the other neighbor of the 1-triangle A 2 y 1 p (resp., A 3 x 2 q) but t 1 (resp., t 2 ) must be incident to at least two original vertices.
Note also that f 1 contributes at most 1/6 units of charge through v 1 x 2 . Indeed, if it contributes charge through v 1 x 2 in Step 1, then (A 2 , B 2 ) would have more than four crossings. If f 1 contributes charge through v 1 x 2 in Step 3 to a 1-triangle t ′ , then the vertex of G that is incident to t ′ must be B 2 (refer to Figure 18(b) ). Denote by e the edge of G that contains the edge of t 2 that is not incident to A 3 . Note that one endpoint of e is B 2 and that e already has four crossing points (since it supports t 2 and its neighboring 1-triangles). However, this implies that one neighbor of t ′ is not a 1-triangle, and therefore t ′ could not have received charge from f 1 in Step 3 through v 1 x 2 .
Similarly, f 1 contributes at most 1/6 charge through v 1 y 1 . Note that f 1 is not a vertexneighbor of a 0-pentagon through the vertices q, x 2 , y 1 and p. If |f 1 | = 5 then B(f 1 ) = {f } and f 1 does not contribute charge through pq. Indeed, each of the edges of G that contain py 1 and qx 2 already have four crossings, and this implies that if the face that shares pq with f 1 is a 1-triangle, then both of its neighbors are incident to two original vertices and therefore this 1-triangle gets its missing charge from them. Therefore, ch 5 (f 1 ) ≥ 1/3 and f 1 sends all its extra charge to f in Step 6.
If |f 1 | ≥ 6 then the clockwise chain from p to q contains |f 1 | − 4 edges and at most |f 1 | − 5 vertices through which f 1 might contribute charge in Step 6. Since f 1 contributes at most 1/6 units of charge through each of py 1 , v 1 y 1 , v 1 x 2 , qx 2 and at most 1/3 units of charge through each other edge, we have ch 5 (f 1 ) ≥ |f 1 | − 4 − 4/6 − (|f 1 | − 4)/3. Therefore every face in B(f 1 ) receives at least Proof. Assume without loss of generality that f contributes 1/3 units of charge in Step 1 to t 1 through e 1 . There are three cases to consider, based on whether f contributes 1/3 units of charge to exactly one, exactly two or at least three 1-triangles in Step 3. Case 1: ch 3 (f ) = 1/3 and ch 5 (f ) = −1/6. That is, f contributes 1/3 units of charge to exactly one 1-triangle t ′ in Step 3, and 1/6 units of charge to three 1-triangles in Step 5.
Without loss of generality we may assume that either t ′ = t 2 or t ′ = t 3 . 
B0w1 is not. Step 1 and 1/3 units of charge to t 2 in Step 3.
cannot contain two 0-quadrilaterals. Indeed, suppose it does and refer to Figure 19 (a). Since each of the edges (A 1 , A 3 ) and (A 3 , A 0 ) has four crossings it follows that e 0 is an edge of t 0 and e 4 is an edge of t 4 . Thus f 4 is incident to A 0 and A 1 and is a neighbor of t 0 and t 4 . Therefore the other neighbor of t 0 (resp., t 4 ) cannot be incident to any other original vertex but A 1 (resp., A 4 = B 2 ). This implies that (A 2 , B 2 ) has two additional crossings, and totally five crossings. Next, we observe that e 1 must be an edge of t 1 . Indeed, suppose it is not and refer to 19(b) . Since each of the edges (A 2 , B 2 ) and (A 0 , B 0 ) has four crossings, e 3 is an edge of t 3 and e 4 is an edge of t 4 . It follows that the neighbors of t 3 are f 2 and f 3 . Since f 3 is incident to A 0 and B 2 , it contributes charge to t 3 in Step 4. Consider f 2 , the other neighbor of t 3 . Note that f 2 does not contribute charge through v 2 y 2 in Steps 1 or 3, for this would imply that the edge of G that contains x 2 y 2 must cross (A 2 , B 2 ). However, this edge already has four crossings since it supports t 2 and its two neighboring 1-triangles. Since the size of f 2 is a least four, it follows that f 2 also contributes charge to t 3 in Step 4, and therefore f does not contribute charge to t 3 .
We may thus assume that e 1 is an edge of t 1 and that the wedge of t 2 contains exactly one 0-quadrilateral. Observe that this implies that |f 1 | ≥ 5. Indeed, if |f 1 | = 4, then B 0 and B 1 must coincide, which is impossible.
Consider now the edge-segment A 2 w 1 . Suppose that it contains a crossing point between A 2 and w 1 and refer to Figure 19 (c). It follows that e 3 is an edge of t 3 and that f 2 is a neighbor of t 3 . Since |f 1 | ≥ 5, f 2 does not contribute charge through v 2 y 2 . Let q be the vertex of f 2 that follows y 2 in a clockwise order of the vertices on the boundary of f 2 . Note that f 2 contributes at most 1/6 units of charge through each of A 4 v 2 and y 2 q. If |f 2 | = 4, then f 2 does not contribute charge through qA 4 , and therefore ch 5 (f 2 ) ≥ 1/3. In this case f 2 sends at least 1/6 units of charge to f in Step 6. It is also not hard to see that this remains true if |f 2 | ≥ 5. Therefore, ch 6 (f ) ≥ 0 if A 2 w 1 is not an edge of M (G). Assume that A 2 w 1 is an edge of M (G). If B 0 w 1 is also an edge of M (G), then B 0 is a vertex of f 1 . Recalling that |f 1 | ≥ 5, it is not hard to see that in this case f 1 sends at least 1/6 units to f in Step 6 and so ch 6 (f ) ≥ 0.
Suppose therefore that there is a crossing point between B 0 and w 1 on B 0 w 1 , and refer to Figure 19(d) . Since (A 0 , B 0 ) contains four crossing points, it follows that e 4 is an edge of t 4 and A 0 is a vertex of f 4 . This implies that e 0 is not an edge of t 0 . Indeed, otherwise the neighbors of t 0 would be f 4 and f 0 and each of them would be incident to two original vertices. Therefore t 0 would get 1/6 units of charge from each of them (in Step 4) and no charge from f .
Consider the face f 0 and observe that |f 0 | ≥ 4 and it contributes 1/3 units of charge through v 0 w 1 , and at most 1/6 units of charge through v 0 y 0 . We claim that f 1 / ∈ B(f 0 ). Suppose that f 1 is a 0-pentagon, and denote by p and q its vertices that follow w 1 in a clockwise order. Then f 1 contributes 1/3 units of charge through v 1 w 1 , at most 1/6 units of charge through w 1 p, qx 2 and x 2 v 1 , and no charge through pq (if p, q, B 0 are the vertices of a 1-triangle, then each of its two neighbors are incident to two original vertices). Therefore, ch 5 (f 1 ) ≥ 1/6 and f 1 / ∈ B(f 0 ). Suppose that f 0 is a 1-quadrilateral. Then it does not contribute charge through A 2 w 1 in
Step 4, since ch 3 (f 0 ) = 1/3 and if the face that shares A 2 w 1 with f 0 is a 1-triangle, then the other neighbor of this 1-triangle is incident to A 2 and B 0 . Note also that the face that shares A 2 y 0 with f 0 is also incident to two original vertices and therefore f 0 does not contribute charge through this edge as well. Thus, ch 5 (f 0 ) ≥ 1/6 and since B(f 0 ) = {f }, f receives as least 1/6 units of charge from f 0 in Step 6.
If |f 0 | ≥ 5, then the clockwise chain from y 0 to A 2 contains |f 0 | − 3 edges and at most |f 0 | − 4 vertices through which f 0 sends charge in Step 6. Therefore, every face in B(f 0 ) (including f ) receives from f 0 in Step 6 at least
≥ 1/6 units of charge. Subcase 1.2: f sends 1/3 units of charge to t 3 in Step 3. We first observe that e 1 must be an edge of t 1 . Indeed, suppose it does not and refer to Figure 20 (a). Since each of (A 2 , B 2 ) and (A 0 , B 0 ) contain four crossings, e 3 is an edge of t 3 and e 4 is an edge of t 4 . But then one neighbor of t 3 (the face f 3 ) is incident to two original vertices (A 0 and B 2 ) and therefore f could not have contributed charge to t 3 in Step 3.
Suppose that e 3 is an edge of t 3 and refer to Figure 20(b) . Since the neighbors of t 3 are 1-triangles it follows that the wedges of t 2 and t 4 each contain exactly one 1-quadrilateral. Observe also that one neighbor of t 2 is incident to two original vertices, which implies that its other neighbor is either a 1-quadrilateral or a 1-triangle. This in turn implies that f 1 cannot be a quadrilateral (because then the other neighbor of t 2 would be incident to two original vertices). Thus, the size of f 1 is at least five and it contains one original vertex. It is not hard to see that f 1 contributes at least 1/6 units of charge to f in Step 6.
Therefore, assume that e 3 is not an edge of t 3 . This implies that f 0 is incident to A 2 . If e 0 is an edge of t 0 , then |V (f 0 )| ≥ 2 and |f 0 | ≥ 4 and by Corollary 2.14 f 0 contributes at least 1/3 units of charge to f in Step 6. We may assume therefore that the wedge of t 0 contains exactly one 1-quadrilateral (more than one would imply five crossings on (A 4 , B 4 ) ).
Suppose that e 4 is an edge of t 4 and refer to Figure 20( 
is not an edge of t3 and e4 is an edge of t4. f3 sends charge to f in Step 6. 
is not an edge of t3 and e4 is not an edge of t4. f1 sends charge to f in Step 6. Step 1 and 1/3 units of charge to t 3 in Step 3.
the vertex of f 3 that follows y 3 in a clockwise order of the vertices of f 3 . Note that |f 3 | ≥ 4 and that |V (f 3 )| ≥ 1. Observe also that f 3 contributes at most 1/6 units of charge through A 0 v 3 , y 3 q and v 3 y 3 (the latter since the edge of G that supports t 3 and its two neighboring 1-triangles already has four crossings). If f 3 is a 1-quadrilateral then ch 5 (f 3 ) ≥ 1/6 since f 3 does not contribute charge through A 0 q (because the face sharing A 0 q with f 3 is incident to two original vertices). Since B(f 3 ) = {f }, f ends up with a nonnegative charge in this case. If |f 3 | ≥ 5, then consider the clockwise chain from q to A 0 , and observe that it contains |f 3 |−3 edges and at most |f 3 |−4 vertices through which f 3 sends charge in Step 6. Therefore, every face in B(f 3 ) (including f ) receives from f 3 in Step 6 at least It remains to consider the case that e 4 is not an edge of t 4 (refer to Figure 20(d) ). If e 2 is an edge of t 2 , then f 1 is incident to two original vertices (B 0 and A 3 ) and its size is at least four, and therefore by Corollary 2.14 it contributes at least 1/3 units of charge to f in Step 6. Therefore we may assume that e 2 is not an edge of t 2 , and for similar arguments, e 0 is not an edge of t 0 . Note that |f 1 | ≥ 4 and |V (f 1 )| ≥ 1. Observe that f 1 contributes 1/3 units of charge to B 0 and to t 1 and at most 1/6 units of charge through v 1 x 2 . Furthermore, f 1 does not contribute any charge through B 0 w 1 , since the other face that is incident to this edge is incident to two original vertices. If f 1 is a 1-quadrilateral, then it also does not contribute any charge through B 0 x 2 , and therefore ch 5 (f 1 ) ≥ 1/6. We also have B(f 1 ) = {f } in this case, and so f 1 sends at least 1/6 units of charge to f in Step 6. If |f 1 | ≥ 5, then consider the clockwise chain from B 0 to x 2 , and observe that it contains |f 1 | − 3 edges and at most |f 1 | − 4 vertices through which f 1 sends charge in
Step 6. Therefore, every face in B(f 1 ) (including f ) receives from f 1 in Step 6 at least
≥ 1/6 units of charge.
Case 2: ch 1 (f ) = 2/3, ch 3 (f ) = 0 and ch 5 (f ) < 0. That is, f contributes 1/3 units of charge to exactly two 1-triangles in Step 3. Recall that we assume without loss of generality that f sends 1/3 units of charge to t 1 in Step 1. By symmetry, it is enough to consider the cases that the edges through which f contributes charge in Step 3 are e 2 and e 3 , e 2 and e 4 , e 2 and e 0 , and e 3 and e 4 .
Subcase 2.1: f contributes charge through e 2 and e 3 in Step 3. It follows from Proposition 2.6 and the maximum number of crossings per edge that the wedge of t 3 contains exactly one 0-quadrilateral and the wedge of t 2 contains one or two 0-quadrilaterals. If the wedge of t 2 contains exactly one quadrilateral, then by Proposition 2.23 f 2 contributes at least 1/3 units of charge to f and thus ch 6 (f ) ≥ 0. If the wedge of t 2 contains two 0-quadrilaterals, then it follows that the size of f 0 is at least four and this face is incident to A 1 and A 2 (see Figure 21 ). By Corollary 2.14 f 0 contributes at least 1/3 units of charge to f in Step 6, and thus ch 6 (f ) ≥ 0. Subcase 2.2: f sends 1/3 units of charge through e 2 and e 4 in Step 3. Suppose that e 1 is not an edge of t 1 and refer to Figure 22 (a). Since (A 0 , B 0 ) has four crossings, it follows that e 4 is an edge of t 4 . The edge (A 2 , B 2 ) also has four crossings, which implies that v 2 B 2 is an edge in M (G). Therefore, the face that shares e 3 with f is of size at least four and is incident to B 2 . Thus, f does not contribute charge through e 3 , and hence must contribute 1/6 units of charge through e 0 . This implies that A 1 and B 4 coincide, which in turn implies that e 0 is not an edge of t 0 and therefore the wedge of t 2 contains exactly one 0-quadrilateral. Considering the face f 2 , it is not hard to see that it contributes at least 1/6 units of charge to f and thus ch 6 (f ) ≥ 0. Assume therefore that e 1 is an edge of t 1 . Observe next that the wedge of t 2 must contain exactly one 0-quadrilateral. Indeed, by Proposition 2.6 it must contain at least one 0-quadrilateral. Suppose that the wedge of t 2 contains two 0-quadrilaterals and refer to Figure 22(b) . Then e 4 must be an edge of t 4 and v 0 A 1 must be an edge of f 0 . If A 2 w 1 is also an edge of f 0 , then |f 0 | ≥ 4 and |V (f 0 )| ≥ 2, and by Corollary 2.14 f 0 contributes at least 1/3 units of charge to f in Step 6. Therefore, we may assume that the (open) segment A 2 w 1 contains a crossing point. It follows that v 2 B 2 is an edge in M (G) and that f does not 
is not an edge of t4, then f1 sends charge to f in Step 6. contribute charge through e 3 , since the face that shares this edge with f is incident to B 2 and its size is at least four. Thus, f must contribute charge through e 0 . However, the face that shares e 0 with f is also of size at least four and is incident to an original vertex (A 1 ), and therefore f does not contribute charge through e 3 either which implies that ch 5 (f ) ≥ 0. We may assume therefore that the wedge of t 2 contains exactly one 0-quadrilateral. Consider now the case that e 4 is not an edge of t 4 , and refer to Figure 22(c) . Notice that |f 1 | ≥ 5 and |V (f 1 )| ≥ 1. f 1 contributes at most 1/6 units of charge through each of its two edges that are incident to x 2 and through each of its two edges that are incident to B 0 . Note also that f 1 is not a vertex-neighbor of a 0-pentagon at B 0 , x 2 , and at the vertex that precedes x 2 in a clockwise order of the vertices of f 1 . Therefore, f 1 contributes in Step 6 at least It remains to consider the case that e 4 is an edge of t 4 . If ch 5 (f ) < 0 then f must have contributed charge through e 3 or e 0 in Step 5. Suppose that f sends 1/6 units of charge through e 3 in Step 5, and refer to Figure 23(a) . Note that the size of f 2 is at least five (if |f 2 | = 4, then there are two parallel edges between A 3 and B 3 ) and let x 3 , v 2 , y 2 , p, q be (some of) its vertices listed in a clockwise order. Observe that f 2 contributes no charge through v 2 y 2 (since |f 1 | ≥ 5) and at most 1/6 units of charge through x 3 v 2 and y 2 p. Note that f 2 is not a vertex-neighbor of a 0-pentagon at x 3 , y 2 and p. If |f 2 | = 5, then f 2 might contribute at most 1/3 units of charge through qx 3 and at most 1/6 units of charge through pq. However, if f 2 contributes through one of these edges, then it does not contribute charge through q in
Step 6. Therefore, f 2 sends at least 1/6 units of charge to f in Step 6 and ch 6 (f ) ≥ 0. If |f 2 | ≥ 6, then f sends at least
≥ 1/6 units of charge to f in Step 6. Finally, suppose that f sends 1/6 units of charge through e 0 in Step 5. If there is a crossing point between A 2 and w 1 on (A 2 , B 2 ), then B 2 ∈ V (f 2 ) and |f 2 | ≥ 4, and it is not hard to see that f 2 contributes at least 1/3 units of charge to f in Step 6 (see Figure 23(b) for an illustration).
Otherwise, w 1 A 2 is an edge in M (G). Consider the face f 1 and note that its size is at least five. Let p be the other vertex of f 1 that is adjacent to w 1 but v 1 , and let q be the other vertex of f 1 that is adjacent to x 2 but v 1 . Refer to Figure 23 (c) and observe that f 1 sends 1/3 units of charge through w 1 v 1 and at most 1/6 units of charge through qx 2 , x 2 v 1 , and w 1 p. If |f 1 | = 5, then f 1 cannot send charge through both pq and w 1 p (because then the 1-triangle that gets the charge through pq has two neighbors such that each of them is incident to two original vertices). Therefore ch 5 (f 1 ) ≥ 1/6. Note that f 1 is not a vertex-neighbor of a 0-pentagon at x 2 , q, p and w 1 . Therefore, if |f 1 | = 5 then f 1 sends at least 1/6 units of charge to f in Step 6. If |f 1 | ≥ 6, then f sends at least
≥ 1/6 units of charge to f in Step 6. Thus, f ends up with a nonnegative charge. Subcase 2.3: f sends 1/3 units of charge through e 2 and e 0 in Step 3. It follows from Proposition 2.6 and the maximum number of crossings per edge that each of the wedges of t 2 and t 0 contain exactly one 0-quadrilateral.
Suppose first that e 1 is not an edge of t 1 and refer to Figure 24(a) . Consider the face f 2 and observe that its size is at least four and it is incident to B 2 . Let p be the vertex that follows y 2 in a clockwise order of the vertices of f 2 . Note that f 2 does not contribute charge through v 2 y 2 and contributes at most 1/6 units of charge through its other edge that is incident to y 2 and through each of its edges that are incident to B 2 . Observe also that f 2 is not a vertex-neighbor of a 0-pentagon at B 2 , y 2 and p. Therefore f 2 contributes at least ≥ 1/6 units of charge to f in Step 6. By symmetry, so does f 4 and therefore ch 6 (f ) ≥ 0.
Suppose now that e 1 is an edge of t 1 , and refer to Figure 24(b) . Consider the face f 0 and observe that its size is at least five. If A 2 is a vertex of f 0 then it is easy to see that this face contributes at least 1/6 units of charge to f in Step 6. Otherwise, there must be a crossing point between A 2 and w 1 on (A 2 , B b ) and thus B 2 v 2 is an edge of f 2 (see Figure 24(b) ). In this case, as in the case that e 1 is not an edge of t 1 , it follows that f 2 contributes at least 1/6 units of charge to f in Step 6. By symmetry, f also receives at least 1/6 units of charge from f 1 or f 4 and therefore ends up with a nonnegative charge. Subcase 2.4: f sends 1/3 units of charge to t 3 and t 4 in Step 3. It follows from Proposition 2.6 and the maximum number of crossings per edge that each of the wedges of t 3 and t 4 contains exactly one 0-quadrilateral. Therefore, by Proposition 2.23 f receives at least 1/3 units of charge from f 3 in Step 6 and thus ch 6 (f ) ≥ 0.
Case 3: f contributes charge through three edges in Step 3. If these edges are consecutive on the boundary of f , say e 2 , e 3 , and e 4 , then it follows from Proposition 2.6 and the maximum number of crossings per edge that the wedge of each of the corresponding 1-triangles contains exactly one 0-quadrilateral (see Figure 25(a) ). Therefore, by Proposition 2.23 each of f 2 and f 3 contributes at least 1/3 units of charge to f and thus ch 6 (f ) ≥ 0.
Suppose now that the three edges through which f contributes charge in Step 3 are not consecutive. By symmetry, we may assume that these edge are e 2 , e 3 and e 0 . Note that we may also assume that f does not contribute charge through e 4 in Step 3, for the case of f contributing in Step 3 through three consecutive edges was already considered. It follows from Proposition 2.6 and the maximum number of crossings per edge that the wedge of each of the 1-triangles t 2 , t 3 and t 0 contains exactly one 0-quadrilateral. Therefore, by Proposition 2.23 the face f 2 contributes at least 1/3 units of charge to f in Step 6. Note that we only need to consider the case that f contributes 1/6 units of charge through e 4 (recall that we assume that it does contribute 1/3 units of charge through e 4 ).
Refer to Figure 25 Proof. Suppose that ch 1 (f ) = 1 and ch 5 (f ) < 0. Then f contributes charge either to exactly two or to at least three 1-triangles in Step 3. We consider each of these cases separately.
Case 1: ch 3 (f ) = 1/3 and ch 5 (f ) = −1/6. That is, f contributes 1/3 units of charge to two 1-triangles in Step 3 and contributes 1/6 units of charge to three 1-triangles in Step 5. We may assume without loss of generality that in Step 3 either f contributes charge to t 1 and t 2 , or it contributes charge to t 1 and t 3 . Subcase 1.1: f contributes charge to t 1 and t 2 in Step 3 and to t 3 , t 4 , t 0 in Step 5. Recall that by Proposition 2.6 e 1 cannot be an edge of t 1 and e 2 cannot be an edge of t 2 .
We claim that neither of the wedges of t 1 and t 2 contain two 0-quadrilaterals. Suppose, for contradiction, that the wedge of t 2 contains two 0-quadrilaterals and refer to Figure 26 . Then, since (A 1 , B 1 ) has four crossings it follows that e 0 is an edge of t 0 . Similarly, e 4 is an edge of t 4 . Note that f 4 is incident to A 0 and A 1 and therefore it contributes charge to t 4 in Step 4. Therefore the other neighbor of t 4 , f 3 , must not contribute charge to t 4 in Step 4 (otherwise f need not contribute charge to t 4 in Step 5). It follows that v 3 A 4 and v 2 A 4 are not edges of M (G). Thus, the wedge of t 1 contains exactly one 0-quadrilateral and the size of f 0 is at least four.
Recall that t 0 receives charge from f 4 and from f , and therefore it should not receive charge from f 0 in Step 4, which implies that |f 0 | = 4 and ch 3 (f 0 ) ≤ 1/3. However, if |f 0 | = 4 then ch 3 (f 0 ) = 2/3. Indeed, f 0 does not contribute charge to the 1-triangle that is a neighbor of t 1 in Step 3, since one neighbor of this 1-triangle is incident to two original vertices. Also, f 0 does not contribute charge through v 0 x 1 to a 0-or 1-triangle in Step 1 or in Step 3, for otherwise f 1 must be 0-quadrilateral and so there must be an edge of G with more than four crossings (either (A 1 , B 1 ) or the edge of G that contains x 1 y 1 ). Thus, ch 3 (f 0 ) = 2/3 and so f 0 contributes charge to t 0 in Step 4 (as does f 4 ), which implies that f does not contribute charge to t 0 in Step 5.
Therefore, each of the wedges of t 1 and t 2 contains exactly one 0-quadrilateral. Thus, by Proposition 2.23 the face f 1 contributes at least 1/3 units of charge to f in Step 6, and so ch 6 (f ) ≥ 0. Subcase 1.2: f contributes charge to t 1 and t 3 in Step 3 and to t 2 , t 4 , t 0 in Step 5. Consider first the case that e 1 is an edge of t 1 and refer to Figure 27(a) . Since the neighbors of t 1 should be 1-triangles, it follows that the wedges of t 2 and t 0 each contain exactly one 1-quadrilateral. It is impossible that e 3 is an edge of t 3 , as this would imply two parallel edges between A 2 and A 4 (note that B 2 and A 4 coincide). If the wedge of t 3 contains two A 4 ) . Therefore, the wedge of t 3 contains exactly one 0-quadrilateral.
Consider the face f 2 and refer to Figure 27 (a). Observe that |f 2 | > 4, for if |f 2 | = 4 then G has two parallel edges between A 2 and A 4 . Let q, x 3 , v 2 , y 2 and p be (some of the) vertices of f 2 listed in clockwise order. Note that f 2 contributes at most 1/6 units of charge through qx 3 , x 3 v 2 , v 2 y 2 and pq. Note also that f 2 is not a vertex-neighbor of a 0-pentagon at q, x 3 and y 2 . Suppose that |f 2 | = 5. If f 2 contributes charge through y 2 p or pq, then it is not a vertex-neighbor of a 0-pentagon at p. If f 2 contributes 1/3 units of charge through y 2 p, then it must be contributed to a 1-triangle whose vertices are y 2 , p and A 3 , and whose neighbors are 1-triangles. Therefore, in such a case f 2 does not contribute charge through pq, since the face that shares this edge with pq cannot be a 0-quadrilateral (otherwise the edge of G that contains qx 3 would have five crossings), and if this face is a 1-triangle, then both of its neighbors are incident to two original vertices. Thus, in Step 6 f 2 contributes to f at least 1/6 units of charge and f ends up with a nonnegative charge. If |f 2 | ≥ 6, then again it contributes at least ≥ 1/6 units of charge to f in Step 6. The case that e 3 is an edge of t 3 is symmetric, therefore we assume now that e 1 is not an edge of t 1 and e 3 is not an edge of t 3 (refer to Figure 27(b) ). Observe that the wedges of t 1 and t 3 must contain exactly one 0-quadrilateral each, for otherwise (A 2 , A 4 ) has more than four crossings. This implies that the size of each of f 1 and f 2 is at least four. We claim that at least one of f 1 and f 2 is of size at least five. Indeed, suppose that both of them are of size four. Then it is impossible that both f 1 and f 2 are 0-quadrilaterals, since this implies two parallel edges between A 2 and A 4 . Assume without loss of generality that f 1 is not a 0-quadrilateral. If f 1 is a 1-quadrilateral, then A 3 v 1 is an edge of t 2 , but then so is A 3 v 2 . This means that the two neighbors of t 2 are 1-quadrilaterals, see Figure 27 (b). Observe that these 1-quadrilaterals cannot contribute charge in Steps 1 and 3. Therefore, f 1 and f 2 contribute charge to t 2 in Step 4 and thus, f does not contribute charge to t 2 in
Step 5.
Hence, we may assume without loss of generality that |f 2 | ≥ 5. If the wedge of t 2 contains no 0-quadrilaterals, that is A 3 ∈ V (f 2 ), then it is not hard to see that f 2 contributes at least 1/6 units of charge to f in Step 6. If the wedge of t 2 contains one 0-quadrilateral, then the situation is similar to the case that e 1 is an edge of t 1 (see Figure 27 (a)), and thus f 2 sends at least 1/6 units of charge to f in Step 6. Note that the wedge of t 2 cannot contain two 0-quadrilaterals. Indeed, suppose it does and refer to Figure 27( However, f 4 is incident to two original vertices (A 0 and A 1 ) and |f 0 | ≥ 4. It is not hard to see that if f 0 is a 1-quadrilateral, then it does not contribute any charge in Step 1 or 3. Therefore, ch 4 (f 0 ) = 2/3 and so t 0 receives 1/6 units of charge from each of f 0 and f 4 in
Step 4, and no charge from f in Step 5.
Case 2: ch 3 (f ) ≤ 0 and ch 5 (f ) < 0. In this case f contributes 1/3 units of charge to at least three 1-triangles Step 3. By symmetry there are two subcases to consider. Subcase 2.1: f contributes charge through each of e 1 , e 2 , e 3 in Step 3. Observe that none of the 1-triangles t 1 , t 2 , t 3 can share an edge (of M (G)) with f according to Proposition 2.6. Moreover, the wedges of t 1 and t 3 must contain exactly one 0-quadrilateral, for otherwise (A 2 , A 4 ) has more than four crossings.
If there is only one 1-quadrilateral in the wedge of t 2 , then by Proposition 2.23 each of f 1 and f 2 contributes at least 1/3 units of charge to f in Step 6 and so ch 6 (f ) ≥ 0. Therefore, assume that there are two 0-quadrilaterals in the wedge of t 2 and refer to Figure 28 (a). It follows that A 1 v 0 is an edge of f 0 and B 3 v 3 is an edge of f 3 . Consider f 0 and observe that |f 0 | ≥ 4. Note also that f 0 does not contribute any charge through x 1 v 0 , as this would imply that the edge of G that contains x 1 y 1 has more than four crossings. Denote by z the other vertex (but v 0 ) that is adjacent to x 1 in f 0 , and observe that f 0 contributes at most 1/6 units of charge through each of zx 1 and A 1 v 0 .
If f 0 is a 1-quadrilateral (as in Figure 28(a) ), then it does not contribute charge through A 1 z, and therefore ch 5 (f 0 ) ≥ 1/3. In this case B(f 0 ) = {f } and so f 0 sends 1/3 units of charge to f is Step 6.
If |f 0 | ≥ 5 then consider the clockwise chain from A 1 to z, and observe that it contains |f 0 |−3 edges and at most |f 0 |−4 vertices through which f 0 sends charge in Step 6. Therefore, every face in B(f 0 ) (including f ) receives from f 0 in Step 6 at least By symmetry f 3 also contributes at least 1/3 units of charge to f in Step 6 and therefore f ends up with a nonnegative charge.
Subcase 2.2: In
Step 3 f contributes charge through each of e 1 , e 2 , e 4 , and does not contribute charge through e 3 and e 0 (otherwise we are back in Subcase 2.1). Thus, ch 5 (f ) ≥ −1/3. Observe that none of the 1-triangles t 1 , t 2 can share an edge (of M (G)) with f according to Proposition 2.6. If the wedges of t 1 and t 2 each contain one 0-quadrilateral, then by Figure 29(a) ) and three vertices of the bottom face that are adjacent to two hexagons. On the top and bottom hexagon we draw edges between every two vertices unless both of them are adjacent to exactly three hexagons (see Figure 29(b) ). For the rest of the hexagons we draw all the possible edges. Thus, the degree of every vertex is 12, except for six vertices whose degree is 8, and six vertices whose degree is 10. Hence, the number of edges is (12(n − 12) + 10 · 6 + 8 · 6)/2 = 6n − 18.
Remark. As noted in the Introduction, Theorem 4 actually holds in a more general setting where edges may intersect several times (including the case of two common endpoints), as long as there are no balanced lenses. A lens is formed by two (closed) edge-segments in a topological (multi)graph that intersect at their endpoints and at no other points: these edge-segments define a closed curve that divides the plane into two regions (bounded and unbounded), each of which is called a lens. If every edge of the topological (multi)graph crosses one of the edge-segments the same number of times it crosses the other edge-segment, then the lenses defined by these edge-segments are balanced. The proof of Theorem 4 can be modified to show that a topological (multi)graph with n ≥ 3 vertices, at most four crossings per edge and no balanced lenses has at most 6n − 12 vertices. The new bound for the Crossing Lemma immediately implies better bounds in all of its applications. We recall three such improvements from [21] and [22] . Since the computations are almost verbatim to the proofs in [21] , we omit them. The previous best constant in the last upper bound was 2.5. It is known [22] that this constant should be greater than 0.42. 4 
Albertson conjecture
Recall that according to Albertson conjecture if χ(G) = r then cr(G) ≥ cr(K r ). This has been proven to hold for r ≤ 16 [8, 9, 20] . The values 13 ≤ r ≤ 16 where verified Barát and Tóth [9] who followed and refined the approach of Albertson et al. [8] . By using the new bound in Theorem 5 and following the same approach we can now verify Albertson conjecture for r ≤ 18. For completeness we repeat the arguments from [9] .
A graph G is r-critical if χ(G) = r and the chromatic number of every proper subgraph of G is less than r. Obviously, if H is a subgraph of G then cr(H) ≤ cr(G). Therefore, it is enough to prove Albertson conjecture for r-critical graphs. Recall also that it suffice to consider graphs with no subdivision of K r . The next result shows that we may consider only graphs with at least r + 5 vertices. The approach of [8] and [9] for proving Albetson conjecture is to plug lower bounds on the minimum number of edges in r-critical graphs into lower bounds on the crossing number and compare the results to an upper bound on cr(K r ). By using the same method with the new bounds on the crossing number, we can verify Albertson conjecture for further values of r.
Let f r (n) be the minimum number of edges in an n-vertex r-critical graph. Since K r is the only r-critical graph with r vertices we have f r (r) = r(r − 1)/2. Another trivial bound is f r (n) ≥ n(r − 1)/2, because the degree of every vertex in an r-critical graph must be at least r − 1. The study of f r (n) goes back to Dirac [12] . He proved that there is no r-critical graph on r + 1 vertices and that if r ≥ 4 and n ≥ r + 2 then f r (n) ≥ n(r − 1)/2 + (r − 3)/2.
This was improved by Kostochka and Stiebitz [16] to f r (n) ≥ n(r − 1)/2 + (r − 3),
when n = 2r − 1. Considering the case n = 2r − 1, Barát and Tóth [9] concluded Gallai [14] found exact values of f r (n) for 6 ≤ r + 2 ≤ n ≤ 2r − 1:
f r (n) = 1 2 (n(r − 1) + (n − r)(2r − n) − 2).
He also characterized the graphs obtaining this bound. His results yield: Instead of using the linear bound of Theorem 5 directly, we will use a more refined bound obtained from it using the probabilistic argument (as is done in [9] ). Proof. We will use the linear bound of Theorem 5, however it does not hold for n ≤ 2. Therefore, for every graph G we define 
Let G be a graph with n vertices and m edges and let 0 < p ≤ 1. Consider a drawing of G with cr(G) crossings. Construct a random subgraph of G by selecting every vertex independently with probability p. Let G ′ be the subgraph of G that is induced by the selected vertices. Denote by n ′ and m ′ the number of vertices and edges in G ′ , respectively. Consider the drawing of G ′ as inherited from the drawing of G, and let x ′ be the number of crossings in this drawing. Clearly, E[n ′ ] = pn, E[m ′ ] = p 2 m, and E[x ′ ] = p 4 cr(G). From (9) and the linearity of expectation we get: Dividing by p 4 , the lemma follows. A sage code of the calculations in the proof of Theorem 7
sage: Dirac(n,r)=((r-1) * n+r-3)/2 sage: KS(n,r)=((r-1) * n+2 * r-6)/2 sage: Gallai(n,r)=((r-1) * n+(n-r) * (2 * r-n)-2)/2 sage: BT_Gal(n,r)=Gallai(n,r)+0.5 sage: cr_prime(n,m,p)=5 * m/pˆ2-139 * n/(6 * pˆ3)+139/(3 * pˆ4)-0.05 sage: Z(r)=floor(r/2) * floor((r-1)/2) * floor((r-2)/2) * floor((r-3)/2)/4 sage: def proc1(r): ... sols = solve([cr_prime(n,KS(n,r),p).diff(p)==0, cr_prime(n,KS(n,r),p)==Z(r)],n,p, solution_dict=True 
